
AIAA JOURNAL
Vol. 30, No. 8, August 1992

Postbuckling Response and Failure Prediction of
Graphite-Epoxy Plates Loaded in Compression
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The objective of the study is to predict the postbuckling response and failure modes of various graphite-epoxy
panels loaded in axial compression. A shear deformable (three-dimensional) shell element is used to analyze the
panels. Two panels without holes and one with a hole are studied, and the resulting responses and failure modes
correlated well with the experimental results. A progressive damage failure mechanism is applied in the nonlinear
analysis, which proved successful in predictions of failure location, mode, and load.

Introduction

U SE of composite materials in aircraft and space struc-
tures has led to increased research activity in structural

modeling, postbuckling response determination, and failure
mode characterization of structures made from these materi-
als. Whereas composite materials offer many desirable struc-
tural properties over conventional materials, they also pose
challenging technical problems in understanding their struc-
tural response and failure characteristics. Classical lamination
theory, in which the transverse shear effects are neglected, is
often used to analyze laminated composite structures. Because
of low transverse moduli and strengths relative to in-plane
moduli and strengths, composite laminates may fail due to
transverse stresses. Therefore, shear deformation plate and
shell theories and associated finite element formulations are
needed to provide information regarding the transverse shear
strength of composite structures. Various shear deformation
theories and their computational models have been summa-
rized in Refs. 1-3. Insight gained by using these formulations
may aid in the characterization of failure modes of composite
panels.

The objectives of this paper are to investigate, using shear-
deformable finite elements, the postbuckling response of sev-
eral graphite-epoxy panels loaded in axial compression and to
substantiate analytically the failure modes observed during
testing. Comparisons between the experimentally obtained
and analytically determined postbuckling response of these
composite panels are made.

Experimental Study
The postbuckling and failure characteristics of flat, rectan-

gular graphite-epoxy panels with and without holes and
loaded in axial compression have been examined in an experi-
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mental study by Starnes and Rouse.4 The panels were fabri-
cated from commercially available unidirectional Thornel 300
graphite-fiber tapes preimpregnated with 450 K cure Narmco
5208 thermosetting epoxy resin.§ Typical lamina properties
for this graphite-epoxy system are 131.0 GPa (19,000 ksi) for
the longitudinal Young's modulus, 13.0 GPa (1,890 ksi) for
the transverse Young's modulus, 6.4 GPa (930 ksi) for the
in-plane and transverse shear moduli (G12 and G^), 1.7 GPa
(250 ksi) for the other transverse shear modulus (G23), 0.38 for
the major Poisson's ratio 0>i2), and 0.14 mm (0.0055 in.) for
the lamina thickness. Each panel was loaded in axial compres-
sion using a 1.33-MN (300-kips) capacity hydraulic testing
machine. The loaded ends of the panel were clamped by
fixtures during testing, and the unloaded edges were simply
supported by knife-edge restraints to prevent the panels from
buckling as wide columns. A typical panel mounted in the
support fixture is shown in Fig. la. Most panels exhibited
postbuckling strength and failed along a nodal line of the
buckling mode in a transverse shear failure mode, as shown in
Fig. Ib. However, a failure mode different from this failure
mode was observed for some of the 24-ply panels with holes.
These panels failed along a transverse line passing through the
hole and failed soon after buckling. Information from moire-
fringe patterns of transverse displacement was used to assist in
determining the failure modes of all panels. No photomicro-
graphs on delamination failures were reported in Ref. 4.

In this paper, three panels from Ref. 4 are analyzed, and the
analytical results are compared with the experimental results
presented in Ref. 4. The first panel is the 50.8-cm-long x
17.8-cm-wide (20.0-in.-long x 7.0-in.-wide) 24-ply ortho-
tropic laminate with a [ ± 45/02 ± 45/02 ± 45/0/90]^ stacking
sequence, denoted as panel C4 in Ref. 4. Panel C4 was ob-
served in the test to buckle into two longitudinal half-waves
and one transverse half-wave. The second panel is the 50.8-
cm-long x 14.0-cm-wide (20.0-in.-long x 5.5-in.-wide) 24-
ply quasi-isotropic laminate with a [ =t 45 70/90]3s stacking
sequence, denoted as panel CIO in Ref. 4. Panel CIO was
observed in the test to buckle into four longitudinal half-waves
and one transverse half-wave. The third panel, denoted panel
H4 in Ref. 4, is identical to panel CIO except for a 1.91-cm-
diam (0.75-in.-diam) hole located 19.1 cm (7.5 in.) from one

§ Identification of commercial products and companies in this
paper is used to describe adequately the test materials. The identifica-
tion of these commercial products does not constitute endorsement,
expressed or implied, of such products by Virginia Polytechnic Insti-
tute and State University, Clemson University, or the publisher of
these proceedings.
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a) Typical panel with fixture b) Failure mode

Fig. 1 Flat, rectangular graphite-epoxy panel (from Ref. 4).

a) C4 specimen model b) H4 specimen model

Fig. 2 Finite element discretizations.

of the loaded edges and along the panel centerline. Panel H4
was observed in the test to buckle into four longitudinal half-
waves and one transverse half-wave with the hole located near
the buckle crest of the second longitudinal half-wave.

Finite element models of these panels were developed using
nine-node quadrilateral shell elements. The element formula-
tion is that of a continuum-based theory that leads to three-di-
mensional degenerated shell elements. The element implemen-
tation considered in this study is the Chao-Reddy nine-node
(9CR) element.5 The modeling approach is based on using six
elements per buckle half-wave in each direction. Hence, the
finite element model of panel C4 has 12 elements along the
panel length, whereas that of panel CIO has 24 elements along
the panel length. Both panels have six elements across the
panel width. Figure 2a shows the model used for the C4
specimen. The finite element model of panel H4 is different
due to the presence of the hole. This finite element model has
four rings of elements around the hole with each ring subdi-
vided into 16 elements, as shown in Fig. 2b. The total number
of nine-node quadrilateral elements in the finite element mod-

els of panels C4, CIO, and H4 are 72, 144, and 124, respec-
tively. Other finite element discretizations were also consid-
ered to verify the modeling approach and were discussed in
Ref. 6.

In order to efficiently proceed beyond the critical buckling
point in the analysis of each panel, an initial geometric imper-
fection was assumed, typically the same shape as the first
linear buckling mode. The amplitude of each mode was se-
lected to be 1-5% of the total laminate thickness. In this way,
an eccentricity is added to the initial geometry that allows
efficient progress past the critical buckling point, but does not
affect the results in the postbuckling range.

Degenerated Shell Element Formulation
The incremental equations of a continuous medium are

formulated based on the principle of virtual displacements and
the total Lagrangian description. The detailed description can
be found in Ref. 5 and is omitted here for brevity. The final
incremental equilibrium equations for an element are given by

where ( A ) is the vector of nodal incremental displacements in
an element, and [KL], [K^], and {F} are obtained from the
following integrals, respectively,

= [BL]T[C][BL}dV

dV

iF} = [BL](S] dV
J F

In these equations, [BL] and [£NL] are linear and nonlinear
strain-displacement transformation matrices, respectively. [C]
is the incremental stress-strain material property matrix, {§}
a vector of second-Piola-Kirchhoff stresses, and [R } the ex-
ternal load vector. All matrix elements refer to the deformed
state and are measured with respect to the original unde-
formed configuration.

After assembly, the following linearized versions of the
actual equilibrium equations are obtained

= [R] (2)
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where

= [KL]

The Newton-Raphson method is employed to solve the lin-
earized equations iteratively until the actual equations of equi-
librium are satisfied to a required tolerance.

The shell element is obtained from the three-dimensional
solid element by imposing two constraints: 1) straight lines
normal to the midsurface before deformation remain straight
but not normal after deformation; and 2) the transverse nor-
mal components of strain and, hence, stress are ignored in the
development. These assumptions degenerate a three-dimen-
sional theory to a two-dimensional theory, and the resulting
shell element is called three-dimensional degenerated shell ele-
ment. The nonlinear formulation admits large displacements
and rotations of the shell element and small strains since the
thickness does not change and the normal does not distort.

Load, P/Pcr

u«constant
\ w=w.x*0

P

Analysis

O Test

1 2 3 4

End shortening, U/UCT

a) End shortening

P/Rcr

1 2

W/t
b) Out-of-plane deflection

P/P7 cr

e/ecr

c) Surface strains

Fig. 3 Postbuckling response characteristics: specimen C4.

a) Contour plot of
analytical results

b) Photograph of moire-fringe
pattern (from Ref. 4)

Fig. 4 Comparison of experimental and analytical out-of-plane de-
flection patterns: specimen C4.
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Fig. 5 Transverse shear 713 distributions through the thickness: spec-
imen C4.

In the process of evaluating the integrals in Eq. (1) (e.g.,
[KL], [ATNL], (F)), Gauss quadrature is used in the membrane
directions of the shell, but explicit integration is used in the
thickness direction. Thus, the thickness direction integration
for all three matrices reduces to the following classical lami-
nate stiffnesses,

[C ' (3)

where & is the thickness coordinate of the bottom of the kth
lamina, P the number of laminas, and [C"] the constitutive
matrix for the Arth lamina in the principal material coordi-
nates. The transformations for [C"] can be found in Ref. 5,
but in functional form it can be stated as

(4)
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a) Contour plot of axial stress distributions
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b) Stress distributions across panel midlength

Fig. 6 Axial stress axx distributions in the third layer (0-deg ply) from
the surface.

a) Contour plot of transverse shear-stress distributions
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Fig. 7 Transverse shear-stress TX~ distributions in the third layer (0-
deg ply) from the surface: specimen C4.

where Q// are the plane stress-reduced elastic coefficients in the
material coordinates, and B is the fiber orientation angle. For
an orthotropic lamina, Qy can be expressed as

Gii=-

QU = (GH)R,

222 = -

Q66 = G12

-22

(5)

where En, *>i2, v2\, £22* ^n» ^23» G{2 are the engineering
lamina properties, and k is the shear correction taken to be
5/6.

Failure Analysis
Failure Criteria

Two failure criteria are investigated in this work: the maxi-
mum stress and the Tsai-Wu criteria. Both are single-point
phenomenological theories used to predict first-ply failure.
Any other closed-form criteria could have been used, includ-
ing strain-based criteria. The two criteria used are described
below (see Ref. 7).

Maximum Stress Criterion
Failure occurs if any one of the following conditions are

satisfied:
Xc>al>Xt9

Yc>o2>Yt, o6>T
(6)

where a\, o2 are normal stresses along the fiber and normal to
the fiber, respectively, and a4, a5, a6 are the shear stresses in
the 23, 13, and 12 planes, respectively; A"and Ycorrespond to
the strengths in the 1 and 2 directions, and the subscripts / and
c denote tension and compression, respectively; R, S, and T
are the shear strengths in the 23, 13, and 12 planes, respec-
tively.

Tsai-Wu Criterion
Failure occurs if the following single condition is satisfied:

iffi + F2o2 + 2Fl2olo2 + Fno\

(7a)

where

= _L__L= x, ~ xc' 2
^___\_Y,~YC

x,xc Y,YC'
(7b)
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Progressive Failure
It is well known that true failure of a laminated composite

panel does not occur at the load corresponding to the first-ply
failure. In reality, failure occurs due to propagation of failures
(or damage) as the load is increased. To model this effect, an
analytical progressive failure technique is included in the non-
linear analysis. At each load step, Gauss point stresses were
used in the selected failure criterion. If failure occurred at a
Gauss point, a reduction in lamina stiffness was applied to
that point, which changed the resultant A-B-D laminate stiff-
nesses of Eqs. (3). For example, for the maximum stress
criterion, if the ai stress exceeds the longitudinal tensile
strength Xt9 then the longitudinal modulus EH at that point is
reduced to zero. For the case of the Tsai-Wu criterion, if
failure occurs, then the following terms were used to deter-
mine the failure mode:

H2 ~ F2o2 (8)

The largest Hf term was selected to be the dominant failure
mode and the corresponding moduli was reduced to zero. HI
corresponds to the modulus EUi H2 to £"22* H4 to G2s, H5 to
G13, and H6 to G23. A consequence of this reduction is a
requirement to store updated (or damaged) engineering mate-
rial properties as the failure progresses. An outline of the steps
required is given in the following:

1) After nonlinear iterative convergence is achieved, calcu-
late stresses at the middle of each layer at each Gauss point.

2) Transform to principal stresses.
3) Compute failure indices.

4) If failure occurs, reduce the appropriate lamina moduli
at that Gauss point, recompute laminate stiffnesses, and
restart nonlinear analysis at the same load step.

5) If no failure occurs, proceed to next load step.
To determine the final failure, the analytical end-shortening
results were monitored as in a compression test. The failure
load is defined to be that load for which large changes in end
shortening occur for small changes in load. This is indicated
by sharp changes in the load vs end-shortening curves, such
that the slope of the load-deflection curve becomes very small
(see Figs. 8, 11, and 14). For this work, a qualitative judge-
ment of the failure load was made by inspecting the load-de-
flection curve for a sharp change in slope.

Results of C4 Panel
Comparison between test results from Ref. 4 and finite

element results from Ref. 6 for panel C4 are shown in Fig. 3.
End shortening u normalized by the analytical end shortening
«cr at buckling (Fig. 3a), out-of-plane deflection w near a point
of maximum deflection normalized by the panel thickness t
(Fig. 3b), and the longitudinal surface strains e near a point of
maximum out-of-plane deflection normalized by the analyti-
cal buckling strain eCT (Fig. 3c) are shown as a function of the
applied load P normalized by the analytical buckling load Pcr.
The circles in the figure represent test data, and the curves
represent analytical data determined from nonlinear finite
element analyses. These experimental and analytical results
correlate well up to failure of the panel. The postbuckling
response exhibits large out-of-plane deflections (nearly three
times the panel thickness, see Fig. 3b) and high-longitudinal
surface strains (nearly three times the analytical buckling
strain, see Fig. 3c). In addition, this panel was also analyzed in
Ref. 6 using two other finite element formulations, one of
which utilized the classical laminated plate theory with the

P/Pcr

Analysis
failure

6 8 10 12

a) Maximum stress failure criterion

P/Pf cr

- - - - - Analysis
1st ply failure
failure

__ Prog Failure
—— Analysis

O Test
• Test Failure

0 2 4 6

u/ucr

b) Tsai-Wu failure criterion

8 10 12

Fig. 8 Progressive failure results: specimen C4.
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Fig. 9 Postbuckling response characteristics: specimen CIO.
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a) Contour plot of transverse shear-stress distributions
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Fig. 10 Transverse shear-stress TXZ distributions in layer 22 (0-deg
ply) from the surface: specimen CIO.

effects of transverse shear neglected. In that work, it was
concluded that the presence of shear flexibility improved the
element convergence characteristics, particularly when operat-
ing deep in the postbuckling regime.

A contour plot of the out-of-plane deflections generated
from the nonlinear analysis using the Chao-Reddy nine-node
element at an applied load of 2.1 Pcr is shown in Fig. 4a. A
photograph of the moire-fringe pattern from Ref. 4 and corre-
sponding to the out-of-plane deflections observed during the
testing of panel C4 at the same load is shown in Fig. 4b. These
results indicate that the out-of-plane deflections from both
test and analysis have the same shape over the entire panel.
Both patterns indicate two longitudinal half-waves with a
buckling-mode nodal line at panel midlength.

Stress distributions in each layer of the laminate were ana-
lytically evaluated using the nonlinear results obtained with
the 9CR model in order to determine analytically the failure
loads. The stresses were determined using the constitutive
relations for both the in-plane and transverse components. In
addition, the transverse shear-stress distributions were ob-
tained by integrating the equilibrium equations and using the
in-plane stresses obtained using the constitutive relations. The
distribution of the peak rn stress through the thickness direc-
tion normalized by the laminate thickness h is shown in Fig. 5,
indicating that the 0-deg layers carry the highest transverse
shear load. Through these analyses, the third layer in the
laminate (a 0-deg ply) was found to have the highest overall
stresses. Examination of these stress distributions and their
redistribution after the panel buckles provides insight into the
failure characteristics of these panels.

The distribution over the entire panel of the axial stress axx
in the third layer of the laminate (a 0-deg ply) is shown in Fig.
6a at an applied load of 2.1 Pcr. This distribution indicates that
high compressive axial stresses occur along the longitudinal
edges of the panel. The redistribution of the axial stress in this
0-deg ply at panel midlength is indicated in Fig. 6b for three
values of the applied load. The y coordinate across the panel
is measured from the left side and normalized by the panel
width b. Near the buckling load, the axial stress is nearly
uniform across the panel. After buckling, the longitudinal
membrane strain in the vicinity of the buckling mode crests is
relieved by the large deflections associated with panel buckling
and redistributed toward the edges of the panel. The peaks do
not occur right at the edges because the \l/x rotation is enforced
to be zero due to the knife edge supports, thus decreasing the
magnitude of both the linear and nonlinear terms of the longi-
tudinal strain exx. Although the axial stress is large, the values
are well below the material allowable values [1400 MPa (203
ksi) in tension; 1138 MPa (165 ksi) in compression].

The distribution over the entire panel of the transverse shear
stress TXZ in the third layer of the laminate (a 0-deg ply) is
shown in Fig. 7a at an applied load of 2.1 Pcr. This distribu-
tion indicates that high transverse shear stresses occur along
the buckling-mode nodal line. The redistribution of this trans-
verse shear stress in this 0-deg ply at panel midlength is indi-
cated in Fig. 7b for three values of the applied load. The solid
curves represent the transverse shear-stress distributions ob-
tained using the constitutive relations and the transverse shear-
ing strain distribution. The dashed curves represent the trans-
verse shearing stress distributions obtained by integrating the
local equilibrium equations of each lamina. These solid curve
distributions are very similar to those obtained using the equi-
librium equations (the dashed curves), the latter believed to be
more accurate. Near the buckling load, the peak transverse
shear stress occurs near the center of the panel. After buck-
ling, the transverse shear stresses (TXZ) redistribute toward the
edges of the panel. The peak values of the transverse shear
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Fig. 11 Progressive failure results: specimen CIO.
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stress rxz approaches the material allowable value [62 MPa
(9ksi)]. In addition, it should be mentioned that the transverse
shear stresses can be recovered for this relatively thin panel by
integrating the local equilibrium equations of a classical plate
theory, as well as the shear deformation theory used earlier;
however, it is believed that the latter is more accurate due to
the conclusions discussed previously from Ref. 6.

Close examination of the Green-Lagrange strain component
given by

in conjunction with the displacement field of the first-order
shear deformation theory

u(x,y,z) = u0(x,y) + ztx, v(x,y,z) = vQ(x,y) + zty

w(x,y,z) = WofojO (10)
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a) End shortening
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e) Surface strains at P/PCT = 1.39

Fig. 12 Postbuckling response characteristics; specimen H4.

a) Linear buckling mode 1 b) Postbuckling mode at
P/PCT = 1.39

Fig. 13 Analytical out-of-plane deflection patterns: specimen H4.

provides additional insight useful in characterizing the failure
mode. Substituting Eqs. (10) into Eq. (9) and noting that,
along a buckling-mode nodal line \l/y, dw/dy, and d\l/x/dx are
small and dw/dx is large, gives

txz 2 dx
du0—dx (11)

The quantity dwQ/dx (out-of-plane deflection gradient) is
largest along a buckling-mode nodal line, and the quantity
diiQ/dx (related to the membrane strain) is largest along the
panel edges. Examination of the other transverse shearing
strain eyz in a similar manner leads to the conclusion that the
transverse shearing strain exz is the dominant one.

Based on the finite element analysis results and an intuitive
examination of the Green-Lagrange strain components along
a buckling-mode nodal line, the failure mode of panel C4 is
attributed to large transverse shearing stresses. This result is
consistent with and substantiates the observations of Starnes
and Rouse in Ref. 4.

The progressive failure results for panel G4 are presented in
Figs. 8a and 8b using the maximum stress and Tsai-Wu failure
criteria, respectively. The analytical and experimental end-
shortening results are repeated as an aid, and the solid lines are
the progressive failure results. In addition to the strengths
already mentioned, the other allowables are as follows: trans-
verse tensile strength of 80.9 MPa (11.7 ksi), transverse com-
pressive strength of 189.0 MPa (27.4 ksi), and in-plane shear
strength of 69.0 MPa (10.0 ksi). At some point in the analysis,
a dramatic change in slope indicates an inability to support
additional load. This location is marked as the analytical
failure load, and the final experimental data point is the
experimental failure load. Comparing curves 8a and 8b, the
Tsai-Wu criterion more closely estimates the experimental fail-
ure. This is attributed to the interaction effect of the stresses
present in the Tsai-Wu criterion's failure index, so that the
initial (first-ply) failures tend to be earlier than that of the
maximum stress criterion.

Results of CIO Panel
Analytical and experimental comparisons for end shorten-

ing u and out-of-plane deflection w are shown in Figs. 9a and
9b. In these figures, E is the laminate longitudinal modulus, A
the cross-sectional area, and L the specimen length. Agree-
ment is not as good as in the C4 specimen because extracting
non-normalized experimental data from Ref. 4 was more diffi-
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Fig. 14 Progressive failure results: specimen H4.

cult. From a linear buckling analysis it was learned that the
first mode has three longitudinal half-waves and the second
mode has four longitudinal half-waves. The moire-fringe re-
sults from Ref. 4 in the postbuckling range exhibited four
half-waves. Thus, a linear combination of 1.5% panel thick-
ness of mode 1 and 1.5% panel thickness of mode 2 was used
to assist in the change that occurs at the critical buckling load
from the three half-wave to the four half-wave mode.

A transverse shear failure mechanism develops for this
panel, similar to panel C4. Each nodal line in the buckling
mode develops the high-transverse shear stresses, with the
peak at the midlength of the panel. Figure lOa shows the
distribution of TXZ in layer 22 (a 0-deg ply), where the three
peak TXZ nodal line concentrations can be seen. Figure lOb
contains the familiar TXZ distribution at the experimental fail-
ure load (1.44Pcr) across the panel width. The results are
similar to those obtained for panel C4.

The progressive failure results for panel CIO are shown in
Figs. 1 la and 1 Ib. For this panel, the Tsai-Wu criterion corre-
lated extremely well with the experimental results. However,
as seen previously for panel C4, the maximum stress criterion
did not agree as well.

Results of H4 Panel
The H4 specimen was analyzed to investigate analytical

predictions of deformation and failure for a specimen with a
hole. Figure 12a contains end-shortening analytical and exper-
imental comparisons. Figures 12b and 12c show the longitudi-
nal surface strains e (both top and bottom surfaces) across the
panel at the hole for a load of 0.90Pcr and 1.39Pcr, respec-
tively. These results are in good agreement with experimental
results from Ref. 4. Linear buckling (mode 1) and postbuck-
ling out-of-plane deflection mode shapes for this panel are

shown in Figs. 13a and 13b. An imperfection of 1% of panel
thickness for mode 1 was used to proceed into the postbuck-
ling range. One can see that four longitudinal half-waves
develop in the postbuckled range.

An important note for analysts is that, if uniformly re-
duced or selective reduced integration was used in the analysis
of this panel, spurious modes developed due to zero energy
modes and lack of restraint of the model around the hole,
which polluted the nonlinear results. Element distortion
around the hole could be another contributing factor. It was
necessary to use full integration to alleviate this problem, and
the mesh had to be sufficiently refined so that locking effects
were negligible.

For the H4 panel, the familiar transverse shear mechanism
develops along nodal lines away from the hole. However, the
peak stress approaches 48.3 MPa (7.0 ksi) at the experimental
failure load. The in-plane shear stress was more closely ap-
proaching its allowable around the hole at this load. It turns
out that simultaneous first-ply failure due to ru and a{ compo-
nents around the hole edge occurs. Thus, the failure mode was
not a dominant transverse shear mode as in the previous
panels, but a more complex interacting mode with a dominant
in-plane shear component. Progressive failure results are
shown in Figures 14a and 14b. The Tsai-Wu criterion was in
good agreement with experimental results and was much bet-
ter than the maximum stress criterion.

Concluding Remarks
The postbuckling response and failure modes of graphite-

epoxy panels with and without holes loaded in axial compres-
sion have been studied. Good correlation between the experi-
mentally obtained and analytically predicted postbuckling
responses were obtained. Analytical predictions of the failure
mode and location agreed well with those obtained in Ref. 4.
A progressive failure technique is described and used to pre-
dict total failure of the panels with good results as compared
to the experimental results in Ref. 4. The inclusion of shear
deformation improves the element convergence characteristics
as discussed in Ref. 6.
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